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Abstract
We construct theoretical models for two dimensional(2d) chiral
dx2−y2±idxy topological superconductors and for three dimensional(3d)
d wave topological superconductors. Moreover we build models for
any 2d class C and 3d class CI topological superconductors (with any
even topological invariants). We also construct concrete models that
can realize quantum anomalous Hall effect with arbitrary large Chern
numbers. We study the chiral edge modes or gapless surface states of
our 2d or 3d models in details. In all the cases, we find novel mech-
anisms that make the numbers of boundary states always agree with
the nontrivial bulk topology, just as required by the bulk boundary
correspondence.
Keywords: Topological Superconductor, Quantum Anomalous
Hall Effect, Chiral Edge Modes, Gapless Surface States
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1 Introduction
In recent few years, there has been a surge of interest in the study of the
topological phases of free fermions[1][2][3]. In these phases, the system is fully
gapped in bulk and has a unique ground state on a compact d dimensional
spatial manifold M without boundary. If M has a boundary, the system
will have gapless excitations along this boundary. And there is a topological
classification for these free fermion systems[4][5][6][7][8]. In this classifica-
tion, one groups the Hamiltonians that can be smoothly deformed into each
others without closing the bulk gap as a homotopical class. The systematical
classifications show a regular pattern as a function of symmetry class and
dimensionality, and can be arranged into a periodic table[9][10][11][12].
As for the topological superconductors (in two dimensions(2d) and three
dimensions(3d)) of the periodic table, many have been known for the cases
with both conventional time reversal(TR) symmetry (with T 2 = −1) and
conventional particle hole symmetry (with C2 = 1), see [1][2] and references
there in. Also the TR breaking case in 2d with conventional particle hole
symmetry (C2 = 1) has been extensively researched [13]. But, so far, it
has been largely overlooked for the 2d TR breaking C2 = −1 (class C in
the Altland-Zirnbauer(AZ) classification [14][15]) cases and for the 3d TR
invariant cases with T 2 = 1 and C2 = −1 (class CI).
On the other hand, chiral superconductivity with a dx2−y2±idxy (d+id) or-
bital symmetry is proposed by [16][17][18][19][20][21]. And, this degeneration
of the dxy and dx2−y2 ordered states has recently been demonstrated by Nand-
kishore et al.[22] in doped graphene monolayer. It was shown [16][17][18][21]
that, in these dx2−y2 ± idxy superconductors, there are gapless chiral edge
modes and a quantized spin (should not be confused with the quantum spin
Hall effects) and thermal Hall conductance, which signal the nontrivial topol-
ogy of the (d + id) state. Thus, certain 2d d + id superconductors may be
classified as the Class C topological superconductors.
One of the purposes of the present paper is to construct nontrivial models
that can realize the class C and class CI topological superconductors with
any possible topological invariants. For 2d class C, our constructions, in the
simplest case, turn out to be the models with dx2−y2 ± idxy (d + id) pairing
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symmetry. We compute the topological invariants of these models, and de-
rive a TKNN formula that relate the Chern numbers to the spin quantum
Hall conductance (should not be confused with the quantum spin Hall ef-
fects). The dissipationless chiral edge excitations of our models have been
studied, with the results in agreement with [16][17]. Besides, we also con-
struct concrete d wave superconductor models for the 3d class CI topological
superconductors, and study the surface states of these models in details.
Another purpose of the present paper is to explicitly construct models for
quantum anomalous Hall effect with arbitrary large Chern numbers.
The quantum anomalous Hall effect (QAH)[23] is the quantum Hall ef-
fect in some ferromagnetic insulators, which can have quantized Hall conduc-
tance (characterized by first Chern number c1), contributed by dissipation-
less chiral states at sample edges, even without external magnetic field[24].
Recently, the QAH effect has been experimentally discovered in magnetic
topological insulator of Cr-doped (Bi, Sb)2Te3, where the c1 = 1 has been
reached[25]. Search for QAH insulators with higher Chern numbers could
be important both for fundamental and practical interests, since the QAH
effect with higher Chern numbers can lower the contact resistance, and sig-
nificantly improve the performance of the interconnect devices. In recent
years, there are many interests in this direction[26][27][28][29][30]. In the
present paper, we will explicitly construct QAH models that can realize arbi-
trary large Chern numbers. It turns out that in the c1 = 1 case, our models
become the model introduced in [31](under taking the continuum limit). We
studied the chiral edge modes of our generalized QAH models, which have
some novelties that does not appear in the c1 = 1 case.
As it is well known, the QAH states are deeply related to the two dimen-
sional quantum spin Hall effect[32] and to the 3d TR invariant topological
insulators[33], see[34]for a review. We can thus construct a class of new
models for quantum spin Hall effects and for 3d TR invariant topological
insulators. These new models are closely related to our generalized QAH
models. In the simplest cases, our models for quantum spin Hall effect are
identical to the Bernevig, Hughes and Zhang (BHZ) model[35]. Our models
for 3d TR invariant topological insulators can also be seen as a natural gen-
eralization of the low energy effective model for Bi2Se3,Bi2Te3 and Sb2Te3,
introduced by[36]. But the boundary states of our new models exhibit some
novel phenomena that can not be seen in the simplest cases.
The present paper is organized as follows. In section 2, we construct sim-
ple theoretical models for 2d chiral d+ id topological superconductors (class
C). The topological invariants of these models are carried out by utilizing
a homotopical argument. In this section we also construct models for three
dimensional d wave topological superconductors (class CI). In section 3, we
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present our constructions for QAH models with arbitrary Chern numbers.
In section 4, a large class of new models for Z2 TR invariant topological
insulators (in 2d and 3d) are constructed. Section 5 study the chiral edge
modes of our models for QAH effects with large Chern numbers and study
the chiral edge models of the likewise models for 2d TR breaking d + id
topological superconductors. Section 6 study the subtle problem of surface
states of our new models for 3d strong topological insulators. Section 7 study
the surface states of our models for three dimensional class CI topological
superconductors. In the last section, we discuss some possible applications
of our theory.
2 Simple Models for d Wave Topological Su-
perconductors
In this section, we will construct a simple model for 2d chiral d + id
superconductor, our model is different with the model introduced in [37] and
can be easily generalized to the whole symmetry class (class C). We can
demonstrate the existence of a topologically nontrivial phase in our model,
by explicitly calculating the Chern numbers. Further more, in the present
section, we will construct a topologically nontrivial model for 3d d wave
superconductor also.
Our d+ id superconductor model is described by the following mean field
theory Hamiltonian
H =
1
2
∑
p
Ψ†
p
HBdG(p)Ψp. (1)
Where Ψp = (cp↑, c
†
−p↓)
T is the Nambu spinor, and the Bogoliubov de Gennes
(BdG) Hamiltonian HBdG for the quasiparticles is given by
HBdG(p) =
(
t(p2x + p
2
y)
2 − µ ∆(px − ipy)2
∆(px + ipy)
2 −(t(p2x + p2y)2 − µ)
)
(2)
where t > 0, and ∆(px + ipy)
2 is the d + id pairing function. This model is
apparently TR broken, but preserves particle hole symmetry C, which acts
on the Nambu spinor as
C =
(
0 −1
1 0
)
K, (3)
where K stands for complex conjugation. Obviously, C2 = −1. Hence our
model is in type of class C in terms of AZ classifications.
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The diagonal quartic terms of (2) may make our model somewhat pe-
culiar, but they are necessary (to give a nontrivial Chern number c1 = 2,
as we will see). In a lattice with unit lattice constant, the quartic term
t(p2x + p
2
y)
2 may be realized as 4t(2 − cos(px) − cos(py))2, and the pairing
function ∆(px + ipy)
2 = ∆(p2x − p2y + 2ipxpy) may be realized as
2∆ ((cos(px)− cos(py)) + i sin(px) sin(py)) , (4)
which is a complex mixing of dx2−y2 wave and dxy wave.
The two eigenvalues of HBdG(p) are
E(p)± = ±
√
(tp4 − µ)2 + |∆|2p4. (5)
Obviously, if µ 6= 0, our system is fully gapped at the whole momentum
space. And we notice that when p → 0, E(p)± → ±µ. Hence when we
continuously vary µ, from negative to positive, the two energy ”bands” are
inverted. This ”bands” inversion indicate a topological phase transition. In
fact, for µ < 0, HBdG(p) is topologically trivial, since in this case we can
continuously deform the parameter ∆ to 0 (the ∆ = 0 system is of course
trivial), without closing the energy gap. While for the case of µ > 0, the
system is indeed topologically nontrivial. In what follows we will prove this
claim by combing a homotopical argument with an explicit calculation to the
Chern number c1.
Now we continuously deform the various parameters of HBdG(p), but
holding µ > 0, t > 0 and |∆| > 0. There is no topological phase transi-
tions in these deformations, since the energy gap is always maintained. All
the Hamiltonians that can be deformed into each other are homotopically
equivalent, and will have the same topological invariants. Hence, if µ > 0,
HBdG(p) is homotopically equivalent to( |∆|2(p2x + p2y)2 − 1 2∆(px − ipy)2
2∆(px + ipy)
2 −(|∆|2(p2x + p2y)2 − 1)
)
. (6)
One can easily find the eigenstates of (6). We will denote the eigenstate
with eigenvalue E−(p) = −(1 + |∆|2p4) as Φ(p),
Φ(p) =
(
1
−∆(px + ipy)2
)
/
√
1 + |∆|2p4. (7)
One can then calculate the Berry phase A = iΦ†(p)dΦ(p) and Berry cur-
vature F = dA, with, F = 8 |∆|2p2
(1+|∆|2p4)2
. Thus the Chern number c1 can be
calculated
c1 =
∫
p
F
2pi
=
4
pi
∫
p
|∆|2p2
(1 + |∆|2p4)2dpxdpy = 2. (8)
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Hence, when µ > 0, our d+id superconductor model (2) describe a topological
superconductor with c1 = 2. On the other hand, since our model (2) is in
class C symmetry type, it should be a 2d class C topological superconductor.
And it is well known that this class of topological superconductors is classified
by 2Z rather than by Z[12]. This is in agreement with our explicit calculation
to c1 (8).
The topological invariant c1 can be related to a physical observable, the
Hall spin conductance, which is an analog of the Hall conductance. To give
a precise definition, we notice that the Nambu spinor Ψp has definite spin
~/2, and thus our model (1) is invariant under the spin rotation around z
axis,
Ψp → ei ~2θΨp. (9)
This is a global U(1) symmetry with ’charge’ e = ~/2, thus we have conserved
spin current
Jq =
∑
p
Ψ†
p+q/2
∂HBdG
∂p
Ψp−q/2, (10)
and spin density
ρq =
∑
p
Ψ†p+qΨp. (11)
This spin density is coupled to the Zeeman field Bz(x). Thus one can define
the Hall spin conductance[17] σsxy by,
Jy = σ
s
xy(−dBz(x)/dx). (12)
The well known TKNN formula[38] will then tell us
σsxy = −
e2
h
c1 = −(~/2)
2
h
c1 (13)
= − ~
8pi
c1 = −2 · ~
8pi
. (14)
This quantization of the Hall spin conductance is firstly derived in [17], by
using a different method.
Having provide a nontrivial model for 2d class C topological superconduc-
tor with d+ id paring symmetry, it is natural to try to further construct a d
wave model for 3d class CI topological superconductor. Besides the particle
hole symmetry C2 = −1, this model should be TR invariant (with T 2 = 1)
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at the same time. We can explicitly give this model, in the four components
Nambu spinor basis Ψ(p) =
(
cp↑, c
†
−p↓, icp↓, ic
†
−p↑
)T
, as
HBdG =


E(p) ∆(px − ipy)2 0 −∆zpz
∆(px + ipy)
2 −E(p) ∆zpz 0
0 ∆zpz E(p) ∆(px + ipy)
2
−∆zpz 0 ∆(px − ipy)2 −E(p)

 ,(15)
where, E(p) = t(p2x + p
2
y)
2 + tzp
2
z − µ, with t > 0, tz > 0, and ∆z is real. At
first sight this model seems to be TR breaking, since the pairing function is
a complex function. But this is in fact due to the particular choice of basis,
in deed, there is a TR symmetry, it acts as (in the present basis)
T = −i


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

K = −iσxK, (16)
where σx is the Pauli matrix acts on the spinor indices. And the particle hole
symmetry acts as
C =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

K = −iτyK, (17)
where τy is the Pauli matrix acts on the two components Nambu pseudo
spinor indices.
Just as in the 2d case, one can show that (15) is gapped at the whole
momentum space if µ 6= 0. If µ < 0, one can continuously deform the param-
eters ∆ and ∆z to zero, without closing the gap, thus the model will be in the
topologically trivial phase. At µ = 0, there is a quantum phase transition.
When µ > 0, the system will transit to a topologically nontrivial phase.
In section (7), we will show (by studying the gapless surface states) that
there is a nontrivial topological invariant 2 characterising this µ > 0 phase.
This is in agreement with the 2Z classification for 3d class CI topological
superconductors [12].
We would like to note that our model for class CI topological supercon-
ductor is quite different with the model introduced in [39][40], and as one
will see in section 7, our constructions can be easily generalized to the whole
CI class with any possible topological invariants.
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3 Quantum Anomalous Hall Effect with Ar-
bitrary Chern Numbers
Since the BdG Hamiltonian of a superconductor is analogous to the Bloch
Hamiltonian of a band insulator (with the the superconducting gap being
replaced by the band gap), so there is an analogy between 2d chiral d + id
topological superconductors and the 2d quantum anomalous Hall effects.
Hence, we can apply a likewise construction to build models for QAH effects
with arbitrary Chern numbers.
Let’ s consider a class of two bands models for QAH effects, with the
Bloch Hamiltonian given by
H(p) =
(
m+ t|w(px, py)|2 w(px, py)
w(px, py) −(m+ t|w(px, py)|2)
)
, (18)
where t > 0. And the function w(px, py) is given by w(px, py) = w(px + ipy),
here w(px+ipy) is a degree n holomorphic function of the complex momentum
p = px + ipy,
w(p) = A
n∏
i
(p− ai), (19)
A and ai are all complex numbers. One can write w(px, py) explicitly as
w(px, py) = A
n∏
i
(px + ipy − ai). (20)
It is easy to find the eigenvalues of (18), with
E(p)± = ±
√
(t|w|2 +m)2 + |w|2. (21)
If m 6= 0, the band gap is open on the whole momentum space. When m > 0,
the system is topologically trivial, since in this case we can continuously
deform A to zero without closing the band gap. When m < 0, the system
will transit to a topologically nontrivial phase, in fact, in this case H(p) (18)
is homotopically equivalent to( |w(px, py)|2 − 1 2w(px, py)
2w(px, py) −(|w(px, py)|2 − 1)
)
, (22)
with the holomorphic function is now given by w(px, py) = A(px + ipy)
n.
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The wave function Ψ(px, py) of the occupied band of the Hamiltonian (22)
can be easily carried out,
Ψ(px, py) =
(
1
−w(px, py)
)
/
√
1 + |w(px, py)|2. (23)
One can easily calculate the Berry phase A and Berry curvature F , then the
first Chern number can be given by the following formula,
c1 =
i
2pi
∫
p
dw ∧ dw
(1 + |w|2)2 . (24)
Here we are integrating over the whole momentum space. By substituting
w(p) = Apn, one can easily get
c1 = n. (25)
Therefore, to any given positive number n, we have constructed a con-
crete QAH effect model (18), with the Hall conductance σH = −c1e2/h =
−ne2/h[38]. And it is easily to see that when n = 1, the holomorphic func-
tion w becomes w(px + ipy) = A(px + ipy), and |w|2 ∝ p2, then our model
(18) becomes the model of [31].
The QAH effects with negative Chern numbers −n can also be realized
by the same models (18), but in this case we should replace the holomorphic
function w(p) by an anti-holomorphic function w(p), with
w(px, py) = B
n∏
i
(px − ipy − bi), (26)
where B and bi are all complex numbers.
A notable property of the Chern number formula (24) is, it is invariant
under the transformation
w → 1
w
. (27)
This indicates that under the replacement w → 1/w, our model (18) will
become a new model (called the dual model. This duality is reminiscent of
the Abelian duality of two dimensional quantum field [41].) that is describing
the same topological phase. This dual model is
1
|w|2
(
t +m|w(px, py)|2 w(px, py)
w(px, py) −(t +m|w(px, py)|2)
)
. (28)
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Here the factor 1
|w|2
of (28) is irrelevant for the topology of eigenstates, so can
be omitted. As one can see that, in this dual model, the two parameters t,m
are switched, hence this new model is topologically nontrivial if m > 0, t < 0.
Thus, combing the previous conditions t > 0, m < 0 for the topological
nontrivial phase of (18), we can conclude that our model (18) is topologically
nontrivial if
mt < 0. (29)
In the case of n = 1, this result is well known[23].
4 New Models for Z2 Topological Insulators
It is well known that the QAH effects are closely related to the Z2 TR in-
variant topological insulators[34]. Thus, our constructions in last section can
also be applied to build a class of new models for Z2 TR invariant topological
insulators.
Just like the BHZ model for quantum spin Hall effect, we can build new
models for 2d quantum spin Hall effects, simply by a direct sum of two copies
of independent quantum anomalous Hall models,

M(px, py) w(px, py) 0 0
w(px, py) −M(px, py) 0 0
0 0 M(−px,−py) w(−px,−py)
0 0 w(−px,−py) −M(−px,−py)

 , (30)
where M(px, py) = m + t|w(px, py)|2, and the two diagonal nonzero 2 × 2
submatrixes are acting on the spin up and spin down subspaces respectively.
The TR symmetry is T = iσyK (where the Pauli matrix σy acts on the spinor
indices), satisfying T 2 = −1.
If m < 0, the Hamiltonian (30)will have a quantized spin current, with
quantum number n. As it is well known, this quantum number n is not
a topological invariant. But n mod 2 is indeed topologically invariance[4].
Thus, if n is odd, the system will be in a topologically nontrivial phase. We
can explicitly demonstrate this for the situation of degenerate holomorphic
function w(p) = Apn (the general situations are homotopically equivalent to
this case). In this case, besides the TR invariance, there is also an inversion
symmetry P ,
P =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 . (31)
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Hence one can use the powerful formula of [6] to calculate the Z2 topological
invariant of our model (30). Since there is only one TR invariant point p = 0,
one can easily see that the Z2 topological invariant is nontrivial, only when
m < 0.
There are some subtleties that may need to be clarified. The original
formula of [6] is defined over all TR invariant points of the whole Brillouin
zone, which is a closed manifold. Thus to apply this formula to our models,
we need to take points at the infinity into consideration. This can be achieved
by dividing the Hamiltonian (30) a positive factor 1 + Cp2n(C > 0) (since
this factor have nothing to do with the eigenstates), to make our model be
defined on the whole momentum space S2, including the infinity. Now there
are two TR invariant points p = 0 and p = ∞. And a little thought shows
us that at p =∞ the eigenvalue (for the low lying Kramers doublet) of the
inversion P depends on sign(t) (which we have previously assumed to be 1),
while at p = 0 the eigenvalue of P depends on sign(m). Thus we can finally
get the condition for a topologically nontrivial phase, which is the well known
mt < 0.
We now turn to construct a large class of new models for 3d TR invari-
ant topological insulators. We will maintain the inversion symmetry in our
constructions, since in this situation we can use the powerful formula of [6]
to compute the Z2 topological invariant.
We will begin by defining the holomorphic function w(p) as (19), but
now we set n = 2k + 1, and take w(p) = Ap2k+1. Then, for any given pair
of nonnegative integers (k, l), we can define a model with band Hamiltonian
H(k,l)
H(k,l) =


M(p) Azp
2l+1
z 0 w(px, py)
Azp
2l+1
z −M(p) w(px, py) 0
0 w(px, py) M(p) −Azp2l+1z
w(px, py) 0 −Azp2l+1z −M(p)

 , (32)
where, Az is real, M(p) = m + t|w(px, py)|2 + tzp2(2l+1)z , and we will assume
t > 0, tz > 0 for simplicity. The basis of (32) is the same as in the quantum
spin Hall effects cases, that is, the diagonal two 2×2 submatrixes of (32) are
acting on the spin up and spin down subspaces respectively. The formula of
[6] can be used to show that, when m < 0, the Z2 topological invariant of our
model H(k,l) is nontrivial. And we would like to note that the H(0,0) model
is just the model that can be realized in Bi2Se3, Bi2Te3 and Sb2Te3[36].
Now we would like to present our constructions in a different basis |+ ↑
〉, |− ↓〉, |+ ↓〉, |− ↑〉, where +,− label the parities of the orbits under inver-
sion P . In this basis, our models for 3d topological insulators can then be
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rewritten as
H(k,l) =


M(p) w(px, py) 0 Azp
2l+1
z
w(px, py) −M(p) Azp2l+1z 0
0 Azp
2l+1
z M(p) −w(px, py)
Azp
2l+1
z 0 −w(px, py) −M(p)

 . (33)
In these two constructions(32)(33), the matrix of the TR symmetry T is
the same, given by
T =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

K. (34)
People may try to take the number n to be an even number, but this will
invalid the inversion symmetry, consequently one will have no formula to use
to guarantee the nontrivial topology.
5 Chiral Edge States
In this section, we will study the chiral edge modes of the models (for QAH
insulators with arbitrary Chern numbers) that we constructed in section(3).
The same analysis can also be applied to the model for d+id chiral topological
superconductor that we studied in section (2).
For simplicity, we will take the model with c1 = 2 as an example. The
investigations in section (3) tell us that this kind of model is homotopically
equivalent to
H(px, py) =
(
m+ |∆|2(p2x + p2y)2 2∆(px − ipy)2
2∆(px + ipy)
2 −(m+ |∆|2(p2x + p2y)2)
)
. (35)
Hence we will focus on the specific model with the Hamiltonian given by
(35), but our conclusions can be applied to the whole homotopically class.
As we have discussed, when m > 0 this model (35) will be in topologically
trivial phase, while when m < 0, it will be in a nontrivial phase with c1 = 2.
In what follows, we will demonstrate the existence of chiral edge modes
when m < 0, by solving the model in half space with an open boundary
condition. As it is well known, see [42][43] for examples, these gapless chiral
edge modes must be exist for consistency. The reason is that, in the m < 0
phase, the bulk low energy effective theory of (35) can be described by a
Chern-Simons theory at level k = c1 = 2[9], this theory is anomaly at the
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boundary, this anomaly should be cancelled by the chiral anomaly of some
chiral edge modes. This bulk boundary correspondence tells us that the
numbers of chiral edge modes in our model (35) should be 2 (when m < 0).
We will show that this is exactly the case, but the detail mechanism is quite
different with the c1 = 1 case (see [23]).
Assuming that we are solving the model (35) in half space with x ≥ 0.
Hence py remains a good quantum number, but the px in (35) should be
replaced by operator p̂x = −i∂/∂x. Now, let’s firstly consider the case of
py = 0. From (35) we can see that in this case the corresponding Hamilton
operator Ĥ0 should be
Ĥ0 =
(
m+ |∆|2∂4/∂x4 −2∆∂2/∂x2
−2∆∂2/∂x2 −(m+ |∆|2∂4/∂x4)
)
. (36)
We will search for the normalizable zero mode (zero energy) solution ψ(x)
which satisfies
Ĥ0ψ(x) = 0. (37)
The requirement of normalizability will impose a boundary condition
ψ(∞) = 0. (38)
Further more, p̂x should be a Hermitian operator, this will impose another
boundary condition
ψ(0) = 0. (39)
Assuming that the zero mode ψ(x) can be written as a linear superposi-
tion of the functions of the form eλxφ, where φ is a two components constant
vector. By using the zero mode equation (37) we can have(
m+ |∆|2λ4 −2∆λ2
−2∆λ2 −(m+ |∆|2λ4)
)
φ = 0. (40)
Now we denote the complex parameter as ∆ = |∆|eiδ, then we can rewrite
(40) as (
(m+ |∆|2λ4)− 2iλ2|∆|τδ
)
φ = 0, (41)
where τδ is a 2× 2 Hermitian matrix τδ =
(
0 −ie−iδ
ieiδ 0
)
. We will denote
the eigenvalues of τδ as s, obviously s = ±1.
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As one can easily see that, equation (41) means φ must be one of the
eigenstates of τδ, denoted as φ(s), with eigenvalue s,
τδφ(s) = sφ(s). (42)
Hence, equation (41) becomes
|∆|2λ4 − 2i|∆|sλ2 +m = 0. (43)
The roots are
(λ2)± =
s±√1 +m
|∆| i. (44)
It is easy (from (43)) to see that, the roots for the case of s = −1 are just the
complex conjugations of the roots for s = 1. For any one of the two values of
s, we have four roots for λ, two of these four roots have positive real parts,
and the other two have negative real parts. Only the roots with negative real
parts can satisfy the boundary condition (38), we will denote these two roots
as λ1, λ2. To satisfy the boundary condition (39) at the same time, the zero
mode ψ(x) must take the form of ψs(x), with
ψs(x) = (e
λ1x − eλ2x)φ(s). (45)
Now let’s consider the situation of py 6= 0. We will take py as a small
perturbation parameter. Obviously, to satisfy the zero order (of py) equation
(37), the wave functions of edge modes must be
ψpy,s(x, y) = ψs(x)e
ipyy. (46)
Moreover, from the full Hamiltonian (35), we can read off the first order
perturbation H ′
H ′ = 4
(
0 −i∆
i∆ 0
)
pyp̂x. (47)
In what follows we will calculate the first order correction 〈ψpy,s|H ′|ψpy,s〉 to
the energy of the edge modes.
Firstly, we notice
∆s = φ
†
(s)
(
0 −i∆
i∆ 0
)
φ(s) = |∆|φ†(s)τδφ(s) = s|∆|. (48)
Then, in the situation of m > 0, simple analysis to (44) tells us, what
ever s = 1 or s = −1, the two relevant roots λ1, λ2 are always proportional
to
λ1 ∝ − cos(pi/4) + i sin(pi/4), λ2 ∝ − cos(pi/4)− i sin(pi/4). (49)
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A few calculations show us, in this situation, 〈ψs|p̂x|ψs〉 = 0. Hence, when
m > 0, there are gapless excitations localized at the boundary, but in this
situation the dispersion relation of these gapless edge modes must be in the
form of ε(p2y) (since the first order correction is zero). Thus they can not be
chiral modes, just as required by the bulk boundary correspondence.
In the situation of m < 0, detail analysis to (44) shows us: for s = 1,
both the two relevant roots λ1, λ2 are at the lower half of the complex plane,
thus have the forms of
λ1 = −a− bi, λ2 = −c− di, (50)
where a, b, c, d are all positive numbers. In this case, detail calculations show
us 〈ψs|p̂x|ψs〉 is a negative number, proportional to −(bc+ad). Noticing that
∆s=1 = |∆|, hence 〈ψpy,s|H ′|ψpy,s〉 is proportional to −py. Thus, in the case
of s = 1, there is a left moving chiral edge mode, with the dispersion relation
ε = −vF py. (51)
For the case of s = −1, detail analysis shows us, both the two relevant roots
λ1, λ2 are at the upper half of the complex plane. These two roots are the
complex conjugations of (50), thus have the forms of
λ1 = −a + bi, λ2 = −c + di. (52)
Detail calculation shows us 〈ψs|p̂x|ψs〉 is now positive, in fact it is pro-
portional to (bc + ad). Noticing that ∆s=−1 = −|∆|, hence we also have
〈ψpy ,s|H ′|ψpy,s〉 ∝ −py. We thus have another left moving chiral edge mode,
also with the dispersion relation
ε = −vF py. (53)
In summary, when m < 0, we have two chiral edge modes, just as required
by the bulk boundary correspondence.
If what we are dealing with is the model for chiral d + id topological
superconductor that we constructed in section 2, since the BdG Hamilto-
nian for this case has the same form as (35), thus the analysis for the edge
modes will be identical with our above analysis (The corresponding equation
is the BdG equation with the BdG Hamiltonian acting on the Nambu spinor
Ψ(x, y) = (c↑(x, y), c
†
↓(x, y))
T in coordinate space ). But in the present situa-
tion, we have a particle hole symmetry C, which is anticommuting with the
matrix τδ. Thus, we can choose the two solutions φ(s) of (42) to satisfy
φ(−1) = Cφ(+1), φ(+1) = −Cφ(−1). (54)
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Furthermore, as we have discussed, the four roots (for λ) of the s = 1 case
and that of the s = −1 case are the complex conjugations of each other.
Thus we can choose the two zero modes ψs(x) to satisfy
ψ−1(x) = Cψ+1(x), ψ+1(x) = −Cψ−1(x). (55)
Then, we can define the operators of edge modes as
α†py,↑ =
∫
x>0
dxdyΨ†(x, y) · ψ+1(x)eipyy (56)
α−py,↓ =
∫
x>0
dxdyΨ†(x, y) · ψ−1(x)e−ipyy. (57)
These two operators can create two spin up edge fermions, and since charge
conjugation C exchanges the two, hence these two fermions are the ”anti-
particles” of each other.
As we have shown that, in the topologically nontrivial phase, the gapless
edge modes are chiral, hence the corresponding second quantized Hamilto-
nian for these edge modes can be written as
Hsf = −vF
∫
py
(
α†py,↑αpy,↑ + α
†
py,↓
αpy,↓
)
. (58)
The chiral nature of these edge modes indicate that they are immune from
backscattering, and can not be gapped by small perturbations or disorders.
In fact these chiral edge modes are protected by the particle hole symmetry
and the nontrivial bulk topology c1 = 2.
Since αpy,↓ and αpy,↑ are charge conjugated to each other, they can form
a single complex chiral edge fermion field. Hence, the number of chiral edge
modes of a c1 = 2 d + id topological superconductor is equal to the number
of edge modes of a c1 = 1 quantum Hall effect. The reason is that, in the
situations of topological superconductors, the positive energy states and the
negative energy states of BdG Hamiltonian are describing the same physical
degrees of freedom, thus the degrees of freedom of a topological superconduc-
tor are in general half of the degrees of freedom of the quantum Hall effect
with the same topological invariant.
Just as in the cases of QAH effects, where the Chern numbers are related
to a physical observable (the Hall conductance, by the TKNN formula), here,
for the cases of 2d class C topological superconductors, the Chern num-
bers are also related to a physical observable, the Hall spin conductance.
Thus the topological classification to 2d class C topological superconductors
may be extended to the interaction situations. This is quite different with
the situations of conventional 3d TR invariant topological superconductors,
where interactions can change the Z classification of the free fermion theories
[44][45][43].
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6 Surface States of New Models for Z2 Topo-
logical Insulators
In this section we will study the surface states of the models H(k,l) that
we constructed in section 4. For simplicity, we will take the case of H(k,0) as
an example, and then generalize the conclusions to the general H(k,l) models.
We will solve the model H(k,0) at half space with coordinate z ≥ 0. We
firstly study the zero energy normalizable solutions ψ(z), with px = py = 0.
The surface states will then be constructed as ψpx,py(x, y, z) = ψ(z)e
i(pxx+pyy).
Finally, we will compute the effective Hamiltonian of these surface states.
To the zero and first orders of px, py, the HamiltonianH(k,0) can be divided
into two parts, H(k,0) = Ĥ0 + H
′, the zero order part Ĥ0 is given by (with
the replacement pz → −i∂/∂z)
Ĥ0 =


M(∂/∂z) 0 0 −iAz∂/∂z
0 −M(∂/∂z) −iAz∂/∂z 0
0 −iAz∂/∂z M(∂/∂z) 0
−iAz∂/∂z 0 0 −M(∂/∂z)

 , (59)
where M(∂/∂z) = m− tz∂2/∂z2. And the first order part H ′ is given by
H ′ =


0 w(px, py) 0 0
w(px, py) 0 0 0
0 0 0 −w(px, py)
0 0 −w(px, py) 0

 . (60)
The zero mode should satisfy Ĥ0ψ(z) = 0, with the open boundary con-
ditions
ψ(0) = 0, ψ(∞) = 0. (61)
Assuming that ψ(z) is a linear superposition of the wave functions of the
form eλzφs, where φs satisfies the following boundary condition,
i


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

φs = sφs, (62)
with s = ±1, and λ satisfies the equation
tzλ
2 + sAzλ−m = 0. (63)
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These two equitations (62)(63) are derived from the zero mode equation
Ĥ0ψ(z) = 0. Further more, just as in the discussions for 2d chiral edge
modes, of all the roots of (63), only that roots with negative real parts can
lead normalizable solutions.
Since T 2 = −1, hence if the zero energy solutions ψ(z) do exist, they
will form Kramers pairs. Noticing that T is commuting with the eigenstate
equation (62), thus every single zero mode Kramers pair satisfies a single
boundary condition with a single fixed value s.
Detail analysis shows us, when m > 0, the zero mode solution does not
exist. But when m < 0, there is a single zero mode Kramers pair. When
Az > 0, this Kramers pair should satisfy the boundary condition of s = 1,
otherwise when Az < 0, it should satisfy the boundary condition of s = −1.
But if what we are considering are the general models H(k,l), with l ≥ 1,
there will be some additional subtleties. In these situations, the zero mode
solutions ψ(z) can exist even when m > 0. But in this case, whatever the
boundary conditions are, s = 1 or s = −1, the numbers of independent
zero mode Kramers pairs must be even. But when m < 0, the numbers of
independent zero mode Kramers pairs are always odd, and in generally take
different values for the two different boundary conditions, s = 1 or s = −1.
Now we turn to the situation of px, py 6= 0. Obviously, each zero mode
Kramers pair now gives a gapless two components surface excitation. If one
choose the basis as (| ↑〉, | ↓〉), one can write down the effective Hamiltonian
for this surface excitation
Hsurf(px, py) =
(
0 iw(px, py)
−iw(px, py) 0
)
. (64)
Due to the TR invariance, the diagonal terms of this effective Hamiltonian
(64) are zero.
Remembering that w(p) = Ap2k+1, hence for the cases of k ≥ 1, what
(64) is describing is not a single Dirac fermion, but a degenerate Dirac cone.
If fact, one can continuously deform w(p), maintaining TR symmetry, to a
nondegenerate form w(p) = Ap
∏k
i (p − ai)(p + ai). The boundary effective
Hamiltonian (64) with this nondegenerate w(p) will have n = 2k + 1 Dirac
points in the momentum space of the surface. These n = 2k+1 Dirac points
are describing n = 2k+ 1 massless Dirac fermions. Thus, each Kramers pair
of the zero modes gives out n = 2k+1 massless Dirac fermions at the surface.
Hence, the even Kramers pairs in the case of m > 0 must give out even
numbers of surface Dirac fermions, while the odd numbers of Kramers pairs
in the case of m < 0 must give out odd numbers of surface Dirac fermions.
But, if the numbers of surface Dirac fermions are even, one can always add
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TR invariant mass terms pairwise, such as im
(
ψ†1σzψ2 − ψ†2σzψ1
)
(ψ1, ψ2
are two of these surface fermions). Consequently, the surface excitations can
be totally gapped. Thus, the phase of m > 0 must be topologically trivial.
On the other hand, when the numbers of surface Dirac fermions are odd,
there are always odd numbers of gapless surface fermions surviving any mass
deformations, thus, the phase of m < 0 have a nontrivial Z2 topology.
If what we are considering is a thin film of 3d topological insulator, in this
situation, we will have two surfaces, the top surface and the bottom surface.
The surface states at each surface can now tunnel to the opposite surface.
The effective Hamiltonian of these two coupled surface states can be written
in the bonding and antibonding basis |+ ↑〉, |− ↓〉, |+ ↓〉, |− ↑〉[33], as

M(px, py) iw(px, py) 0 0
−iw(px, py) −M(px, py) 0 0
0 0 M(px, py) −iw(px, py)
0 0 iw(px, py) −M(px, py)

 , (65)
whereM(px, py) = m+t|w(px, py)|2. This Hamiltonian has a roughly physical
interpretation. Firstly, by the effective Hamiltonian (64), we can write down
the tunneling amplitude
iw : |− ↓〉 → |+ ↑〉, −iw : |+ ↑〉 → |− ↓〉 (66)
−iw : |− ↑〉 → |+ ↓〉, iw : |+ ↓〉 → |− ↑〉, (67)
where the tunnelings can only happen between the states with opposite pari-
ties, since the amplitudes w,w are odd parities. These amplitudes of tunnel-
ings give the off diagonal terms of (65). And the term proportional to |w|2
in the diagonal terms may be understood as the amplitude of two successive
tunnelings, forth and back. As proposed by [33], this system of thin film (of
3d topological insulator) may be used to realized the 2d quantum anomalous
Hall effect with any n = 2k + 1 Chern numbers.
7 Surface States of d Wave Topological Su-
perconductors
In this section we will investigate the surface states of 3d d wave topological
superconductor. We will consider a general class of models for 3d class CI
topological superconductors (classified by 2Z) with topological invariants n =
2k. The model for 3d d wave topological superconductor that we constructed
in section 2 is just the special case with n = 2.
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The BdG Hamiltonians of this general class of models can be given as
H
(k,l)
BdG =


E(p) w(px, py) 0 −∆zp2l+1z
w(px, py) −E(p) ∆zp2l+1z 0
0 ∆zp
2l+1
z E(p) w(px, py)
−∆zp2l+1z 0 w(px, py) −E(p)

 , (68)
where w(px, py) = ∆p
n = ∆p2k, p = px+ ipy is the complex momentum, and
E(p) = t|w(px, py)|2 + tzp2(2l+1)z − µ.
Just as what we have done in last section, we will solve these models at
the half space with z ≥ 0. We will firstly study the normalizable zero energy
wave ψ(z)(with px = py = 0). ψ(z) should satisfy the zero mode equation
H
(k,l)
BdG(px = py = 0, pz = −i∂/∂z)ψ(z) = 0 and the open boundary conditions
(61).
Assuming that ψ(z) is a linear superposition of the functions of the form
eλzφs, here φs satisfies the following boundary condition
i


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

φs = sφs, (69)
and λ satisfies,
tz(λ
2l+1)2 + (−)ls∆z(λ2l+1) + µ = 0. (70)
These equations can be easily derived from the zero mode equation.
Since C2 = −1, hence there is a ’Kramers degeneracy’. Thus the zero
modes ψ(z), if exist, must form Kramers pairs. The situation is much like
what we have studied in last section. Detail analysis shows us, when l = 0,
there is a zero mode pair only when µ > 0. If ∆z > 0, this zero mode pair will
satisfy the boundary condition of s = 1, while if ∆z < 0, this pair will satisfy
the boundary condition of s = −1. But when l ≥ 1, there are always zero
modes, even if µ < 0. When µ < 0, the numbers of these zero mode Kramers
pairs are always even, no matter s = 1 or s = −1. While when µ > 0, the
numbers of the zero mode Kramers pairs are always odd, no matter s = 1 or
s = −1 (the two choices have different numbers of zero mode pairs).
Having found the zero modes ψ(z), we can now construct the surface
states ψp by using wave function ψpx,py(x, y, z) = ψ(z)e
i(pxx+pyy), with
ψ†p =
∫
dxdydzΨ†(x, y, z)ψpx,py(x, y, z), (71)
20
where Ψ(x, y, z) is the four components Nambu spinor introduced in section 2.
Each zero mode Kramers pair will give a two components surface excitation
ψp = (γp↑, γp↓)
T , with
γp↑ = cp↑ + c
†
−p↑, γp↓ = cp↓ + c
†
−p↓, (72)
where cp↑, cp↓ are labeled by the surface momentum. Obviously, ψp satisfy
the Majorana condition
ψ−p = ψ
∗
p = (γ
†
p↑, γ
†
p↓)
T . (73)
And the particle hole symmetry acts as
Cγp↑C
−1 = γp↓, Cγp↓C
−1 = −γp↑. (74)
Since these two fermions have different charge conjugation parities, they are
not Majorana fermions.
To further investigate the topological natures of our models by using the
bulk boundary correspondence, we need to study the actions of T at the
surface modes, which is
Tψp = ±
(
0 1
1 0
)
ψ−p. (75)
Where the ± signatures in (75) mean that for each surface doublet ψi (corre-
sponding to the ith zero mode Kramers pair), there are two different choices
(distinguished by the ± signatures) for the T action. Thus, different surface
doublets, such as ψi, ψj , i 6= j, can have different T actions (with different
signs). Consequently, although the mass term miψ
†
iσzψi is TR broken, but
for two different surface doublets ψi, ψj with different T actions, we can form
a TR invariant mass term mij(ψ
†
iσzψj + ψ
†
jσzψi).
Thus the even numbers of zero mode Kramers pairs, as in the case of
µ < 0, are in fact topologically equivalent to 0 Kramers pair, since we can
impose T actions pairwise, to let all the corresponding surface excitations be
totally gapped by some appropriate TR invariant mass deformations. While
the odd numbers of Kramers pairs, as in the case of µ > 0, are topologically
equivalent to a single Kramers pair, since there are always odd numbers of
surface doublets surviving any permissible mass deformations. The second
quantized effective Hamiltonian for this surviving surface doublet is
Hsf =
∫
(w(p)γ−p↓γp↑ + wγ−p↑γp↓) . (76)
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Since w(p) = ∆pn with n = 2k > 1, (76) does not describe a single Dirac
fermion, what it is describing is 2k massless Dirac fermions. To see this
clearly, we can continuously deform w(p), maintaining TR symmetry and
particle hole symmetry, to a factorized form w(p) = ∆
∏k
i (p − ai)(p + ai),
which gives 2k Dirac points at the surface momentum space. Since these 2k
Dirac fermions come from the same zero mode Kramers pair, they can not
have different T actions. A little thought shows us, in this situation any mass
terms will either invalid TR symmetry, or invalid particle hole symmetry. So
we end up with n = 2k gapless surface excitations. This means n = 2k is the
topological invariant of our system.
Now we can conclude that, the µ < 0 phases of our models are always
topological trivial, while the phases of µ > 0 are topologically nontrivial and
have topological invariants n = 2k, just as required by the 2Z classification
of 3d class CI topological superconductors. When k = 1, we will get the case
of 3d d wave topological superconductor.
8 Conclusion and Discussions
In this paper, we have constructed nontrivial models for the 2d class C
topological superconductors, and for the 3d class CI topological superconduc-
tors. Our models can realize these two class of topological superconductors
with any 2Z topological invariants. In the simplest cases, our models de-
scribe the d + id topological superconductor (in the case of 2d), and the d
wave topological superconductor (in the case of 3d). We also constructed
models for quantum anomalous Hall effects with arbitrary large Chern num-
bers. Besides, we give a class of new models for the Z2 topological insulators,
and in the simplest cases, our models turn out to be the well known models
for Z2 topological insulators.
We have studied the chiral edge states or gapless surface states for the
topologically nontrivial phases of our models. And we found some novel
mechanisms that make the numbers of boundary states are always in agree-
ment with the nontrivial bulk topology, just as required by the bulk boundary
correspondence. This provides nontrivial evidences for the self consistencies
of our theories.
The studying for the chiral edge modes of quantum anomalous Hall ef-
fect with arbitrary large Chern numbers may have potential applications in
future electronic devices, because the chiral edge modes can transport elec-
tric current without dissipations, and the only resistances are the contact
resistances, these contact resistances can be effectively reduced by the edge
modes with large Chern numbers.
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Another mechanism to realize dissipationless transport at room temper-
ature is, of course, using high Tc superconductors. Thus it is natural to try
to combine the chiral characteristic of the edge modes of quantum Hall ef-
fects with the high Tc superconductors. In fact this is the main motivation
that prompts us to investigate the chiral d+ id topological superconductor.
Moreover, as we have seen, the chiral edge modes of chiral d+ id topological
superconductor can carry quantized spin current, this may enable potential
applications in spintronics.
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